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Considered metrices gµν and fµν for bimassive gravity:

gµν = g (0)
µν + εg (1)

µν

g (0)
µν dx

µdxν = a2
(
−dt2 + δijdx

idx j
)

g (1)
µν dx

µdxν = a2
(
−2Adt2 − 2Bidx

idt + 2Hijdx
idx i

)

fµν = f (0)µν + εf (1)µν

f (0)µν dxµdxν = b2
(
−H

2

H2
f

dt2 + δijdx
idx j

)
f (1)µν dxµdxν = b2

(
−2A

H2
f

H2
dt2 − 2Bi

Hf

H
dx idt + 2Hijdx

idx i
)

where H ≡ ȧ
a and Hf ≡ ḃ

b .
At the beginning, I thought that it might be usefull for next
calculations to define A, Bi and Hij , describing cosmological

perturbations with the ornaments in the form:
(
H
Hf

)2
, resp. HHf

.



Keeping on mind the form of the considered metric tensors gµν
and fµν we can find the components of Xµ

ν =
√
gµαfαν in the

linear order of perturbation theory:

X = X(0) + εX(1)

X(0) = diag

(
r
H
Hf

, r , r , r

)
where r ≡ b

a .

The components of the X(1):

X 0
0 =
Hf

H
(A − A)

r
X 0

i = r
Hf
H Bi − Bi

Hf
H + 1

X i
0 = r

Hf
H Bi − Bi

H
Hf

+ 1
X i

j = r (Hij − Hij)



Under the gauge transformations:

g (1) → g (1) + a−2LXg (0) f (1) → f (1) + a−2LX f (0)

considering the transformation of vector perturbations1:

B(V ) → B(V ) − L̇(V ) Hf

H
B(V ) → Hf

H
B(V ) − L̇(V )

H(V ) → H(V ) − kL(V ) H (V ) → H (V ) − kL(V )

Constructing gauge invariant variables:

∆B(V ) = B(V ) − Hf

H
B(V ) ∆H(V ) = H(V ) − H (V )

σ(V ) = k−1Ḣ(V ) − B(V ) χ(V ) = k−1Ḣ (V ) − Hf

H
B(V )

1After decomposing the metric pertubations into the scalar, vector and
tensor modes.



Modified Einstein equations for bimassive gravity in the first order
of perturbation theory describing vector perturbations lead to two
constraints between gauge invariant variables:

k2σ(V ) = 2a2

(
rB2

∆B(V )

1 + Hf
H
− Ω

(
ρ+ P

))

k2χ(V )Hf

H
= −2a2

(
B2
r

∆B(V )

1 + Hf
H

)
and two dynamic equations:

σ̇(V ) + 2Hσ(V ) =
a2

k

(
Π(V )P − r

(
B4 + r

Hf

H
B5
)

∆H(V )

)
χ̇(V ) + 2Hf χ

(V ) =
a2

kr

(
2B2 + B4 + r

Hf

H
(3B5 + 2B6r)

)
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where:

B2 = β1 + 2β2r + β3r
2 B4 = β1 + rβ2

B5 = β2 + rβ3 B6 = β3 + rβ4.



Using the modified Einstein equations in the 0− th order, we can
express ratio of Hubble rates in the form:

Hf

H
=
ρ+ B0 + 3

(
P + B2

r − B3 − rB4
)

ρ+ B0 + 3 (rB2 − B5 − rB6)
,

where aditionally:

B0 = β0 + 3β1r + 3β2r
2 + β3r

3 B3 = β0 + rβ1

Equations in the 0 th-order of perturbation theory:

H2 =
a2

3
(ρ+ B0) , H2 − 2

ä

a
= a2

(
P − B3 − B4 −

Hf

H
rB2
)

(1)
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a
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+
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(
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3r
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Next, we concentrate on the solution for the viable cosmological
bimassive gravity theory (β2 = β3 = 0). In such a case: B2 = β1,
B4 = β1, B5 = 0, B6 = β4r . Next, we can easily eliminate ∆B(V )

from the first two constraining equations, obtaining:

χ(V ) = − 1

r2
H
Hf

(
σ(V ) +

2a2

k2
Ω
(
ρ+ P

))
(3)

We can also eliminate δH(V ) from the second two dynamic
equations:(

σ̇(V ) + 2Hσ(V ) − a2

k
Π(V )P

)
×(

3
β1
r

+
Hf

H
2r2β4

)
+
(
χ̇(V ) + 2Hf χ

(V )
)
rβ1 = 0 (4)



For our following idea, it shows to be appropriate to combine both
(00) parts of modified Einstein equations. In order of ε0, we are
left with:

β4r
3 − 3β1r

2 − (ρ+ β0) r + β1 = 0 (5)

We also recall the expresion for the Hf /H which obeys a form:

Hf

H
=

3β1
(
1− r2

)
+
(
ρ− 2β0 + 3P

)
r

−3β4r3 + 6β1r2 + (β0 + ρ) r
(6)

Next, in purpose to study effects from the considered interactions
between metrices g and f hidden in the introduced tensor Bµν let
us consider unrealistic toy model with: ρ = P = 0. Using this
assumption and considering (8) as well as (8) we can easily see
that r(η) = const., which means ṙ = 0. Next, we also realize that:

Hf

H
(t) =

Hf

H
(r (t)) , (7)

and so
(

˙Hf /H
)

= 0.



Our constrained equation (7), together with its time derivative are:

χ(V ) = − 1

r2
H
Hf

σ(V ) χ̇(V ) = − 1

r2
H
Hf

σ̇(V ) (8)

Next, we are going to concentrate only on cases without
cosmological constant β0 = 0. It means that only two nonzero β
parameters are β1 and β4. Using (8) and (7) we can imediatelly
see that under this assumption:

Hf = H (9)

Combining (9), (8), (9) together with the assumption P = 0 and
the dynamic equation (7). we are left with:

σ̇(V ) + 2Hσ(V ) = 0 (10)

χ(V ) = − 1

r2
σ(V ) (11)



Since r is just a constant, these equations have trivial solution:

σ(V ) =
σ
(V )
I

a2
χ(V ) =

σ
(V )
I

b2
(12)

There are at least two things, which we should mention together
with the presented solution. At first, In Unverse with no matter or
rad. component, the vector modes of the cosmological
perturbations for bimassive gravity theory will be decreasing
function of a or b, respectively.
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